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Abstract 

Wc define a class of geometric flows on a complete Kahler manifold to unify some physical 
and mechanical models such as the motion equations of vortex filament, complex-valued 
mKdV equations, derivative nonlinear Schrodinger equations etc. Furthermore, we consider 
C^ . the existence for these flows from S^ into a complete Kahler manifold and prove some local 
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and global existence results. 

1 Introduction 



o 

Q ■ Let (A^, J, h) be a complete Kahler manifold with complex structure J and metric h. In this pa- 

per, we first introduce a class of new geometric flows from a circle S^ or M into a complete Kahler 
manifold N . We will see that these flows are of strong physical and mechanical background and 
can be seen as the natural generalization or extension of some physical and mechanical models, 
for instance, the motion equations of vortex filament, complex-valued mKdV equations, Hirota 
equations, Schrodinger-Airy equations, derivative nonlinear Schodinger equations etc. There- 
^' ' fore, to study these flows are of important physical and geometric significance. On the other 

t:;;j- ■ hand, we may also provide some useful observation to these physical and mechanical equations 

*0 ■ from the view point of geometry. By virtue of the geometric observation we will employ some 

• , methods and techniques from geometric analysis to approach the existence problems for these 

^^ ! flows and want to prove some results on the local and global existence for these geometric flows. 

1.1 The definition of Schrodinger-Airy flows and background 

k^ ■ For any smooth map u{x,t) from S""*^ x M into {N, J, h), Let V^ denote the covariant derivative 

H ■ V_a_ on the pull-back bundle u~^TN induced from the Levi-Civita connection V on A^. For the 

C^ ■ dx 

- ■ ■ sake of convenience, we always denote V^u and Vtu by Ux and ut respectively. The energy of 

a smooth map v : S^ ^ N is defined as 

And the tension field of v is written by t{v) = V xVx- 

For the maps from a unit circle S^ or a real line M into iV, we define a class of geometric 
flows, which we would like to call geometric Schrodinger-Airy flow, as follows: 



aJuVxUx + /? ( VxUx + -R{Ux, JuUx)JuUx ) + l\Ux\ Ux, (1.1) 
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where a, j3 and 7 are real constants, R is the Riemannian curvature tensor on A^ and Ju = J{u). 
If {N, J, h) is a locally Hermitian symmetric space, the geometric flow is an energy conserved 
system. Moreover, if 7 = it also preserves the following "pseudo-helicity" quantity 



Mu)^lhiV.u.,Ju.)d.. 



In the case a = 1 and /3 = 7 = 0, the Schrodinger-Airy flow reduces to the Schrodinger flow 
from 5^ X M or M X R into a Kahler manifold (iV, J, h) formulated by (see [3, 4, 12, 13, 19, 33]) 

dii 

— = J{u)VxUx = J{u)t{u), 

which is an infinite dimensional Hamilton system with respect to the energy functional. In 
particular, Rodnianski, Rubinstein and Staffilani in [36] established the global well-posedness 
of the initial value problem for the Schrodinger flow for maps from the real line into Kahler 
manifolds and for maps from the circle into Riemann surfaces. 

If a = 7 = and /3 = 1, (1.1) then reduces to the KdV geometric flow (see [38] for more 
details) on a Kahler manifold {N, J, h) formulated by 

du 2 1 p/ 7 ^ T 

which is an infinite dimensional Hamilton system with respect to the pseudo-helicity functional. 
The Schrodinger-Airy geometric flow (1.1) is a direct extension to a Kahler manifold of the 
following curve flow which is used to characterize the motion of vortex fllament. The curve flow 
is about maps u from 5^ x M or M x M into Euclidean space M^ which satisfy the following 
evolution equation 

— = aUs X Uss + I3[usss + -Uss X (Us X Uss)] ■ (1-2) 

More precisely, in [16], Fukumoto and Miyazaki discussed the motion of a thin vortex fllament 
with axial velocity and reduced the equation of the vortex self-induced motion to a nonlinear 
evolution equation which can be formulated by using the Frenet frame of curve flow as 

ut = kh + -/{-kh + k,ii + kTh). (1.3) 

Here u = u(s, t) denotes an evolving fllament curve from M x M into R^ with arclength pa- 
rameter s and time t, t,n and b denote the unit tangent, normal and binomial vectors of the 
filament curve respectively; k and r denote the curvature and the torsion of the filament curve 
respectively, kg = ^ and 7 is a real constant. It is not difficult to see that by the Frenet-Serret 
formulas, (1.3) could also be reformulated as 

3 

Ut = UsX Uss +j[usss + l^^ss X (Us X U^^)] . 

After rescaling with respect to t, the equation could be changed to (1.2). Thus, by Hasimoto 
transformation 



* = A; exp [i / rds') , 



the equation (1.2) would be reduced to the standard Schrodinger-Airy (or Hirota) equation(see 
[22, 38, 41]) 

0, (1.4) 



i^t + ai^ss + 2!^^*) - ^/^i^sss + 2 I^P*^ 



which is a general model for propogation of pulses in an optical fiber. In the case /3 = 0, the 
equation (1.4) reduces to a cubic nonlinear Schrodinger equation and in the case a = 0, (1.4) 
reduces to the modified KdV equation. 

To see the inner relation between (1.1) and (1.2) more clearly, differentiating (1.2) with 
respect to s and and letting u{x,t) = Us{s,t) we obtain 



du „ 

—- = auxuss + p 
ot 



Usss + -\Us X {UX Us)] 



:i.5) 



One could verify that if given a smooth initial map Uq = u{s, 0) into a unit sphere 5^, then 
the solution u to (1.5) will always be on S^, i.e., the length of the tangent vector |us| is preserved 
(see [29]). So, the equation (1.5) describes the evolution of a geometric fiow from M or S^ into 
S'^. Nishiyama and Tani have shown the time local and global existence of the initial value 
problem of (1.5) in [29] and [30] respectively. 

It is not difficult to see that the Schrodinger-Airy geometric flow (1.1) is a natural gener- 
alization of (1.5). Indeed, for a map u{x) from S^ or M into a two dimensional standard unit 
sphere 5^, 

nx : T^S^ ^ T^S^ 

is just the standard complex structure on S"^ and t{u) = VxUx is the tangential part of Uxx on 
S^. Meanwhile, a simple calculation shows that there hold 

it\Ux, Ju^xj'Ju'^x — \Ux\ Uxi 
^ x^x — Uxx ~r \UxjUx)U, 



^lux 



dx 



i^xUx) + {Ux,VxUx)u 



"^xxx \ '^Y^xt'^xxI'U \ \'^x\ ^x- 



So, 
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Vx^x + -^RiUx, JuUx)JuUx = Uxxx + -^{Ux X {u X Ux)) ^ 



Hence, for the case N = 5^, the geometric Schrodinger-Airy flow (1.1) then reduces to 



du 

at 



aJuVxUx + (3 ( Vlux + -R{Ux, JuUx)JuUa 



au xuxx + P 



Uxxx + -^{ux X (n X Ux)] 



which is just the equation (1.5). 



On the other hand, we recall that the derivative nonlinear Schrodinger (DNLS) equation 

iqt + qxx = i{\Q\'^'i)x, x,teR (1.6) 

where q{x,t) is a complex- valued function, arises in the study of wave propagation in optical 
fibers [1] and in plasma physics [27] (see [8, 18, 26] for further references). Scattering and 
well-posedness for the Cauchy problem of this equation defined on M has been studied by many 
authors (see [39] and references therein). In particular, J. Colliander, M. Keel, G. Staffilani, H. 
Takaoka and T. Tao [6, 7] showed that, under a smallness assumption on the L^ norm of the 
initial data, this equation is globally well-posed in the energy space H^. 

While the propagation of nonlinear pulses in optical fibers is described to first order by 
the nonlinear Schrodinger equation, it is necessary when considering very short input pulses to 
include higher-order nonlinear effects. When the effect of self-steepening (s ^ 0) is included, 
the fundamental equation is 

Ur = i{-u^^ + \u\ u) — s{\u\ u)^ (1.7) 

where u is the amplitude of the complex field envelope, ^ is a time variable, and r measures the 
distance along the fiber with respect to a frame of reference moving with the pulse at the group 
velocity. Equation (1.6) is related to equation (1.7) by changing variables (see [26]): 

u(r,C)=g(x,t)expz(^-^), r=^, C = " J + ^. 

It is an integrable equation and the initial value problem on the line can be analyzed by means 
of the inverse scattering transform as demonstrated by Kaup and Newell [25] . 

For a map u{x) from S^ or R into a two dimensional standard unit sphere S*^, the equation 

ut = aux Uxx + 7\ux\'^Ux = aJ{u)T{u) + ^\ux\'^Ux (1.8) 

is equivalent to the above derivative nonlinear Schrodinger equation. In fact, we could see this 
by adopting the generalized Hasimoto transformation used in [4]. 

Precisely, if we assume that A^ is a compact closed Riemann surface and assume u{x, t) G 
Hq{M.,N) (the definition of Hq(W,N) is given in section 1.2) is a smooth solution of (1.8) on 
M X [0, T) such that u{x, t)^^Q(^Nasx^oo. Let {e, Je} denote the orthonormal frame for 
u~^TN constructed in the following manner: Fix a unit vector cq G TqN, and for any t € [0, T), 
let e(x,t) € T^[x,t)^ be the parallel translation of eo along the curve u{-,t), i.e., V^^e = and 
lim e{x,t) — 7> Co- In local conformal coordinates z, with z{Q) = 0, after fixing the coordinates 

a;— >-oo 

of eo to be Co = a(FoT' *^^ coordinates of the vector e are given by C = j^^'^ where 

Im I -r^^r I dx' 

-oo VA V 

The expression of C and </) is derived by solving the equation V^e = 0, i.e., 

Cx + 2(logA)^z^C = 0. 



Note that since {e, Je} is an orthonornial frame, we have that V^e = 7?Je, where 77 is a real- 
valued function. Furthermore, in this frame the coordinates of Ut and Ux are given by two 
complex valued functions p and q. We set as follows: first let 

Ut = pie + p2Je, 
Ux = qie + q2Je, 

where pi, p2, qi, (72 are real-valued functions of (x,t), and let p = pi + ip2 and q = qi + iq2- 
Since V^e = 0, it is easy to see that VxUx = qix^ + q2xJe. Thus, by (1.8) we have 

Pie+p2Je = a{-q2xe + qixJe) + l\q\'^iqie + q2Je), 

which is equivalent to 

p = iaqx+^\q\'^q. (1.9) 

From WxUf = 'S/tUx, we have 

Px = qt + im- (1-10) 

Combining (1.9) and (1.10), we obtain 

qt = iaqxx + 1 {\q? q) ^ - im- (i-H) 

To get the expression of 77, we note that 

R{ut,Ux)e = VtVajC - Vx^te = -Va;(r/Je) = -rjxJe. 

On the other hand 

R{ut,Ux)e = {piq2 - p2qi)R{e,Je)e = K{u)Im{pq)Je, 

where K{u) = R{e, Je, e, Je) = /i(e, R{e, Je)Jej is the Gaussian curvature of A^ at u{x, t). 
Thus we have 

r]x = -K{u)Im{pq). (1.12) 

Substituting (1.9) into (1.12) yields 

r]x = -K{u)Im{iaqxq) = --K{u) {\q\^) ^ ■ 

Integrating this over (— 00, x] yields 

r?(x,t) = -^K{u)\q\^+'^j\K{u))x{x',t)\q\\x\t)dx' 

-ry(-oo,t). (1.13) 

Thus, combining (1.11) and (1.13) yields 

K{u), ,2 \ /, ,2 N 

qxx + ^^\qVq\ +7(I'?R)^ 



qt = t'OL 



- — -g / {K{u))x{x',t)\q\ {x',t)dx' -iqr]{-oo,t). 
Let ^ = ge*Jo n{~<^,T)dt' g^j^^ ^g could easily see that 

- ^^ r (i^(^)),(x',t)|^|2(x',i)dx'. (1.14) 

It is easy to see that if A^ is a Riemann surface with constant sectional curvature K, (1.14) is 
reduced to 



*i = iaf^xx + yl^P^j +7(I^P^)^- 



Specially, if A'" is unit sphere S"^ then (1.14) is just (1.7). 

It is well-known that the Schrodinger-Airy equation [23, 24] reads as 

ut + iXiUxx + X2UXXX + iAslupu + X^H'^Ux + X^u^Ux = 0, x, t G M 

where Ai,A2 G M, A2 ^ 0, A3,A4,A5 € C and u = u{x,t) is a complex valued function. In the 
case a 7^ 0, /3 ^ and 7 ^ 0, by virtue of the above generalized Hasimoto transformation we 
can transform the geometric flow on a closed Riemann surface with constant sectional curvature 
into a Schrodinger-Airy equation (see [4, 38]) 

^t = iaUxx + jl'i'l^'A+phxxx + ^l'i'l^'i'x^+lil'i'l^'i'),. 

This is why we call the geometric flow as geometric Schrodinger-Airy flow. 

1.2 Main results and some notations 

In this paper, we confine us to the case 7 = 0. First, we discuss the local existence for the 
Cauchy problem of geometric Schrodinger-Airy flow from S^ into a Kahler manifold {N, J, h) 
defined by 

Ut = aJuVxUx + P ( "^lux + -R{ux, JuUx)JuUx ) , X € S^; 
< V ^ / (1.15) 

^ ii(x,0) = uo(x), 

where a, /? are real positive constants. Furthermore, when N is some kind of special locally 
Hermitian symmetric spaces, we could obtain some results on global existence of (1.15). The 
method we use here is the same as that we employed to discuss the KdV geometric flow in [38]. 
Remark that we only consider the case that the domain is S^ in this paper and we could get 
similar results with those about the KdV flow. 

Before stating our main results, we introduce several definitions on Sobolev spaces with 
vector bundle value. Let {E, M, vr) be a vector bundle with base manifold M. If (E, M, vr) is 
equipped with a metric, then we may define so-called vector bundle value Sobolev spaces as 
follows: 



Definition 1.1. H^'^{M,E) is the completeness of the set of smooth sections with compact 
supports denoted by {s\ s € Cq^{A4,E)} with respect to the norm 

m „ 

\\4l^{M,E) = E / iV^^l'dM. 

Here V is the connection on E which is compatible with the metric on E. 

Definition 1.2. Let N be the set of positive integers. For m G N U {0}, the Sobolev space of 
maps from S^ into a Riemannian manifold [N, h) is defined by 

H'^+\S^;N) = {u£ C{S'^;N)\ u^ G H'"" {S^ ; T N)} , 

where Ux G H"^{S^]TN) means that Ux satisfies 

m „ 

WUxfum^^S^.TN) = E / K'^{^)){'^i'^x{x),Viux{x))dx < +00. 

Similarly, we define 

Definition 1.3. The Sobolev space of maps from M into a Riemannian manifold (N, h) is defined 
by 

H'^+\R;N) = {ue C{R;N)\ u^ G i7'"(M; TiV)}, 

where Ux G Hm{R',TN) means that Ux satisfies 



m „ 

V" / h{u{x)) {V iux{x), V iux{x)) dx < +oo; 



j=0 

and 

H^+'^{R;N) = {ue C{R;N)\dh{u{x),Q) G L'^{R),Ux G H"'{R;TN)}, 

where dh{u{x),Q) denotes the distance between u{x) and Q. 

We usually use W '"^{M, N) to denote the space of Sobolev maps from M into A'^, and 
W ''P{M,R) to denote the space of Sobolev functions. 
Our main results are as follows: 

Theorem 1.1. Let (N, J, h) be a complete Kdhler manifold. Then, the local solutions u G 
L°°([0,^],iJ^■(5'^iV)) (A; ^ 4) ofthe Cauchy problem (1.15) with the initial map uq G H^{S^,N) 
is unique. Moreover, the local solution is continuous with respect to the time variable, i.e., 

ueC{[0,T],HHS\N)). 

Theorem 1.2. // {N,J,h) is a noncompact complete Kdhler manifold, then, for any integer 
A; ^ 4 the Cauchy problem of (1-15) with the initial value map uq G H {S^,N) admits a unique 
local solution u G C([0, T], H^{S^, N)), where T = T{N, \\uQ\\fji). Moreover, if the initial value 
map Uq G H^{S^,N) and N is a complete Kdhler manifold with |V'i?| ^ Bi{l = 0,1,2,3) 
where Bi are positive constants, then the Cauchy problem of (1.15) admits a local solution 
u G L°^{[{),T],H^{S^,N)), where T = T{N, \\uo\\H-i). 



Theorem 1.3. Assume that {N, J, h) is a complete locally Herm,itian sym,m,etric space satisfying 

h{R{Y,X)X,R{X,JX)JX) =0, 

where R{-, ■) is the Riem,annian curvature operator on N . Then for any integer fc ^ 4 the 
Cauchy problem (1-15) with the initial map uq G H {S^,N) admits a unique global solution 
ueC{[0,oo),H''{S\N)). 

Remark 1. If N = Mi x M2 x • • • x M„ is a product manifold where {Mi, Ji, /i*) (i = 1,2,- ■ ■ ,n) 
are all manifolds satisfy the conditions in theorem 1.3, then the results in theorem 1.3 still hold 
true for N . 

Remark 2. We have shown in [38] that the identity on Riemannian curvature in Theorem 1.3 
holds on Kdhler manifolds with constant holomorphic sectional curvature, complex Grassman- 
nians, the first class of bounded symmetric domains. The examples of Kdhler manifolds with 
constant holomorphic sectional curvature are C , the flat complex torus CT , the complex pro- 
jective spaces Ci-"", complex hyperbolic spaces CH^ and the compact quotient spaces of complex 
hyperbolic space modulo by a torsion free discrete subgroup of automorphism, group of CH^ etc. 

Remark 3. R seems that the uniqueness results may be true for the local solution to the Cauchy 
problem of Schrodinger- Airy flow u G L°°{[0,T],H^{S^,N)). If so, we can also improve the 
existence results and the regularity of solution. In particular, the uniqueness of solutions to the 
Kd V flows from S"^ does not depend on the the parabolic approximation. Maybe, one could find 
a different method to improve regularity. 

As in [38], we still adopt the parabolic approximation and employ the geometric energy 
method developed in [12, 13] to show these local existence problems. To prove the global 
existence we need to exploit the following conservation laws Ei{u), E^{u) and semi-conservation 
law E/i[u) where 

Ei{u) = 2 / Hux,Ux)dx, 

Esiu) = h{VxUx,VxUx)dx - - h{ux,R{ux,Jux)Jux)dx, 

and 

E4{u) = 2 h{Vlux,Vlux)dx-3 h{Va:Ux,R{'^xUx,Ux)Ux)dx 

— 5 / h(\/xUx, R(VxUx, Jux)Jux)dx. 

If A^ is a locally Hermitian symmetric space, for the smooth solution u to the Cauchy problem 
(1.15) we will establish the following in Section 3: 

—Ei{u) = 0, —Es{u)=h{R{VxUx,Ux)ux,R{ux,Jux)Jux)dx, (1.16) 



and 

d 



^^E^iu) ^ C{N,Ei{uo),E3{uo)){l + Ei). (1.17) 



From (1.16) we deduce that when A^ is a locally Herniitian symmetric space satisfying some 
geometric condition (see Corollary (3.5)), there holds true E^{u) = Es{uo). We utilize these 
conservation laws with respect to Ei(u) and E^lu) to get a uniform a priori bound of HV^MxHl^ 
independent of T. By virtue of (1.17), we obtain the global existence results. 

This paper is organized as follows: In Section 2 we employ the geometric energy method to 
establish the local existence of Schrodinger-Airy geometric flow. We know that the conservation 
and semi-conservation laws mentioned before are crucial for us to establish the global existence 
of the Cauchy problem of Schrodinger-Airy geometric flow. We will give a detailed calculation 
in Section 3. The global existence of Schrodinger-Airy geometric flows on some special Kahler 
manifolds is proved in Section 4. 

2 Local Existence and Uniqueness 

In this section we establish the local existence and the uniqueness of solutions for the Cauchy 
problem of the Schrodinger-Airy flow (1.15) on a Kahler manifold (iV, J, h) 

ut = aJuVxUx + P ( V^-u^ + -R{ur,, JuUx)JuUx j , X G S^; 

«(x,0) = uq{x). 

We still use the approximate method as in [38] to show the local existence of (1.15). To this 
end, we discuss the following Cauchy problem: 



Ut = -eVlux + aJyVxUx + P ( "^lux + -R{ux, JuUx)JuUx j , X e S^; 
u{x,0) = uo{x). 



where e > is a small positive constant. 

We could imbed A'^ into a Euclidean space M" for some large positive integer n. Then A^ 
could be regarded as a sub-manifold of M" and u : S^ x M. ^ N C M" could be represented as 
u = {u^, • • • , u") with u* being globally defined functions on S^ so that the Sobolev- norms of u 
make sense. We have 



i=0 



where D denotes the covariant derivative for functions on S^. The equation (2.1) then becomes a 
fourth order parabolic system in M". In the appendix of [38], we have shown that the parabolic 
equation admits a local solution u^ G C{[0,oo),W ''^{S^ , N)) if the initial value map uq G 
W'^'^iS^N) where /c^ 3. 

Thus, to prove the local existence of (1.15), we just need to find a uniform positive lower 
bound T of T^ and uniform bounds for various norms of Us{t) in suitable spaces for t in the time 
interval [0,r). Once we get these bounds it is clear that Ue subconverge to a strong solution of 
(1.15) as e ^ 0. 



Throughout this paper, we simply denote h(X, Y) by {X, Y) for aU X,Y £ T{u ^TN). Note 
that if X G r{u~^TN) we have in local coordinates 






(v.^r = -^ + r^.(^)— ^" 



and for X = ti^; we have 

It is easy to see that VtUx = V xUt- 

Now let u = Ug be a solution of (2.1). We have the following results. 

Lemma 2.1. (i) Assume that N is a complete Kdhler m,anifold with uniform, bounds on the 
curvature tensor R and its covariant derivatives of any order {i.e., |V i?| ^ Bi, / = 0, 1, 2, • • • ), 
and uq € H^{S^,N) with an integer k ^ 3. Then there exists a constant T = T{\\uo\\h3), 
independent of e G (0)1); such that if u £ C{[0,Ti;), H^{S^, N)) is a solution of (2.1) with 
e € (0, 1), then T{\\uo\\ij3) ^ T^ and ||ti(t)||//m+i ^ C(j|no||j:/m+i) for any integer 2 ^ m ^ k — 1. 
(a) Assume that N is a complete Kdhler manifold and uq € H^{S^, N) with an integer 
k ^ 5. Then there exists a constant T = T{\\uQ\\ff5) > 0, independent of e £ (0,1), such that 
if u £ C{[^,Te),H^{S^,N)) is a solution of (2.1) with e E (0,1), then T{\\uq\\h'.) ^ T^ and 
\\u[t)\\um+i ^ CdJuollH^+i) /o'" o.'^y integer 2 ^ m ^ k — 1. 

Proof. First fix a A; ^ 3 and let ni be any integer with 2 ^ m ^ k — 1. We may assume that 
Uq is C°° smooth. Otherwise, we always choose a sequence of smooth functions {uq} such that 
''^o ~^ ^0 with respect to the norms || • \\fjk where k ^ 3. 

As N may not be compact we let il = {p € N : distN{p,UQ{S^)) < 1}, which is an open 
subset of N with compact closure 0. Let 

r' = sup{i>0:n(5\i) C 0}. 

Now prove that for k = 3, 

J 4 

-\\ux\\jj2 ^ C{n,a,P)Y,\WA, (2.2) 

1=2 

for ahiG [0,Ts]. 

We differentiate each term in ||Ma;||^2 with respect to t. We have 

jj\u.\'dx 



2 / {ux,VtUx)dx 
/ {ux,VxUt)dx = -2 / {VxUx,ut)dx. 



Substituting (2.1) yields 



d 
di 



—- I \Ur\ dx 
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= 2e / (V^..^^:, Vlux)dx -2a {V^Ux, JVxUx)dx 

= -2e / \V'lux\^dx- fi {VxUx,R{ux,Jux)Jux)dx 

^ -2e / \Vlux\'^dx + C{il.,l3) / \\/xUx\\uxfdx 

^ C{n,/3)\\u.\\Hi- (2-3) 

We should remark that each time we substitute (2.1) into the equahty there will appear 
three parts: the first part that contains e, the Schrodinger part which contains a and the KdV 
part which contains /?. We need to estimate each terms in these three parts. When dealing with 
terms from the KdV part, we will use the results in [38] directly since the calculations are the 
same. 

Now we consider J \S/xUx\'^dx. Differentiating it with respect to t yields 



d_ 
di 



jWxUx^dx = 2JiVxUx,VN.Ux)dx 

= 2J\VxUx,Vlu,)dx + 2J\VxUx,R{uuUx)ux)dx 
= 2 / (S'lux, ut)dx + 2 {ut, R{VxUx,Ux)ux)dx. 



Thus substituting Eq. (2.1) yields 

d f ,^ ,2, 
-t: I l^xUxl dx 



= -2e I \Vlux\^dx -2e {Vlux,R{VxUx,Ux)ux)dx 

+ ai2 {Vlux, JVxUx)dx + 2 {JVxUx, R{VxUx,Ux)ux)dx 
+ ^(2 {Vlux,Vlux)dx+ {Vlux,R{ux,Jux)Jux)dx 
+ 2 j {Vlux,R{VxUx,Ux)ux)dx 

+ /W«.,j«.)j«.,/i(v.u,.u.)„jd.). (2.4) 

For the second term of the right hand side, integrating by parts yields 
- 2e / (Sjl.Ux,R{VxUx,Ux)ux)dx 
= 2e {Vlux,{VxR)C^xUx,Ux)ux)dx + 2e / {Vlux,R{S/lux,Ux)ux)dx 
+ 2eliWlux,RiVxUx,Ux)VxUx)dx 
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^ C{Q){ \\/lux\\VxUx\\uxfdx+ / \\/lux\\ux\'^dx + / \Vlux\\'^xUx\'^\y'x\dx). (2.5) 
For the Schrodinger part on the right of (2.4), we have 

a(2/(Vj„..JV.u.><i. + 2/(JV.u.,R(V.„.,„.K><i.) 
= -2a / {Vlux, JVlux)dx -2a j {VxUx, R{VxUx, Ux)Jux)dx 

< P(".»)/|V.«JV.I^. (2.6) 

For the KdV part in (2.4), after integrating by parts we have 

/3 ( 2 / {Vlux, Vlux)dx + / {Vlux,R{ux-, Jux)Jux)dx 
+ 2 j {Vlux,R{VxUx,Ux)ux)dx 

^ C{n){ \\/lux\\VxUx\\ux\'^dx+ / \Vlux\\ux\^dx + / \VxUx\\ux\^dx). (2.7) 

Using Holder inequality and interpolation inequalities, Eqs. (2.4) — (2.7) yield 

/ \VxUx\'^dx + 2e \S/lux\'^dx ^ C{n)\\ux\\H2. (2.8) 

Next we compute / jV^u^pdx. We have 

— / \Vlux\'^dx = 2 j\vtVlux,Vlux)dx 
= 2 / {Vx^NxUx, Vlux)dx + 2 {R{ut, Ux)VxUx: V'lux)dx 
= -2 {Vlut, Vlux)dx -2 {Vlux, R{ut,Ux)ux)dx 

+ 2 {Vlux, R{ut, Ux)VxUx)dx 
= -2 {ut, Vlux)dx -2 {ut, R(ylux,Ux)ux)dx 

+ 2 / {ut, R{Vlux,VxUx)ux)dx. (2.9) 

Substituting (2.1) into (2.9) while noting that 

/ {JVxUx, Vlux)dx = / {JVlux, Vlux)dx = 0; 



d_ 
di 
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and 



we have 



/ (V^.n^., Vlu^)dx = - \Vlu:,\^dx, / (V^u^, Vlu^)dx = 0, 



— / \Vlux\^dx + 2£ I \V^Ur,\'^dx 



where 



2e / (V^.u^., R{Vlu^, u^)u:,)dx - 2e (V^u^, R{Vlu^, V^u^)u^)dx + Iq, (2.10) 

- /3 f / (V^Mx, -R(lix, JUn,)JUx)dX + 2 / (V^Mx, R{Vlun,,Un,)ux)dx 

+ {R{ux,Jux)Jux,R{Vlux,Ux)ux)dx -2 {Vlux,R{\/lux,'^xV'x)ux)dx 

\ 

{R{Ux, JUx)JUx, R{Vlux, VxUx)Ux)dx 



For the first term of (2.10), integrating by parts yields 
2e I {'^lux,R{Vlux,Ux)ux)dx 
= -2e {Vlux,{VxR)iVlux,Ux)ux)dx -2e {\7^Ux,R{S/lux,Ux)ux)dx 

- 2e [{Vlux, R{Vlux, Ux)VxUx)dx - 2e f {Vlux, R{Vlux, VxUx)ux)dx. (2.11) 
Thus, for any (5 > 0, (2.11) together with the second term of (2.10) yields 
2e / {Vlux, R{Vlux, Ux)ux)dx - 2e {Vlux, R{Vlux, VxUx)ux)dx 
^ e6 \Vlux\^dx + 4e6 \S/lux\^dx 

+ ^f / \{VxR){Vlux,Ux)ux\'^dx + / \R{Vlux,Ux)ux\'^dx 
+ / \R{Vlux,Ux)'^xV'x\'^dx +2 / \R{Vlux,'^xUx)ux\'^dx] 
^ e5 I \Vlux\^dx + Ae6 f \S7lux\'^dx + -^^ f \Vlux\H\uxf + \ux\^ + \VxUx\^\ux\^)dx 
^ e6 I \Vtux\^dx + 4e<5 / \Vlux\^dx + ^^{\\ux\\%2 + ||nx||^2 + Wuxlfn^), (2.12) 

where we used the following interpolation inequalities 

J 1 

\\Ux\\l^ ^ C{n){\\VxUx\\l2 + \\Ux\\l2)^\\Ux\\l2; 
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For the left part Iq of (2.10), after integrating by parts repeatedly (see [38] for detail), we could 
obtain that 

lo < Cin,a) ( / \Vlu^\\V^u^\'^\u:,\dx+ / \Vlu^\'^\u^\'^dx 
+ / \Vlux\\VxUx\\uxfdx] 

+ C(fi,/3) ( / \\/lu^\^\Va;Ua;\\u^\dx+ / \\/lu^\\VxUx\^dx 
+ / \VluJ'^\uJ^dx+ / |V?.na;||Va;na;P|na;Pdx 



+ / l^x'^xW^xUxWUxl dx . (2-13) 



Thus, by Holder inequality and interpolation inequalities, we obtain the desired bound 

4 

/o^C(J7,a,/3)^||n,|||2. 

1=2 

Hence we have 

d_ 
lit 



\Vl.Ux\^ dx + 2e I \V'^Ux^dx 



-' -' 1=2 

In view of (2.3), (2.8), and (2.14), we have 

j^\\ux\?H2 + (2 - 5)e / \Viux\^dx + (1 - A5)e / \Vlux\^dx 

1 4 

^ C(f^,a,/3)(- + l)5^||u,|||.. 

Let (^ = g and we get the desired inequality (2.2). 

For 3^r7T,^A; — 1, by the similar process, we could get the following inequality 

-T:\\'^x\\Hm <,C{Q.,\\Ux\\H^'^,Ol,l^)\\Ux\?Hm, (2.15) 

where C{Q-^\\ux\\H"^-"^-,(^-,f^) depends on a, 13, \\ux\\h"i-i and the bounds on the curvature R 
and its covariant derivatives V'-R with l<m + lon^cN. We omit the details of the proof. 



Let /(t) = ||mx>||^2 + 1, then we have 

^C{n,a,f5)r, f{0) = \\uox\\'' + l. (2.16) 



dt 
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It follows from (2.16) that there exists constants Tq > and Cq > such that 

||tij:||j:^2 ^ Co, t £ [0,min(To,r')]. 

Now let T = min(To, T'). If m = 3, by the Gronwall inequality, we can obtain from (2.15): 

\\u;j;\\m ^Ci{0,,T,\\uox\\Ha,0!,(3), for all t e [0,T]. 

Then by induction we have that there exists a constant Cm-2i^, \\uox\\h^) > 0, such that for 
any 3 ^ m ^ k — 1 

ess sup4g[o,2^]||n^.||H'" s^ Cm~2{^,\\uox\\H^,a, (3). (2.17) 

Since il. is compact, consequently ||u(i)||j;^oo(5i) is uniformly bounded for t G [0,T]. 

If N is of uniform bounds on the curvature tensor and its derivatives of any order, it is 
easy to see from the above arguments that T = Tq since the coefficients of the above differen- 
tial inequalities depend only on the bounds on Riemann curvature tensor R and its covariant 
derivatives V'i? of some order on N. That is T = T{S, \\uo\\h3) depends only on N, uq, not on 
0<e< 1. 

Now we consider the case iV is a noncompact, complete Kahler manifold without the bounded 
geometry assumptions. Note that a positive lower bound of T' can also be derived from (2.17) 
when k > 5. Indeed, it is easy to see from the approximate equation of Schrodinger-Airy flow 
and the interpolation inequality that (2.17) implies 

ess snpt^[Q^T]\\ut\\L2{s\TN) ^ C{^, ll'"0x-||//3). 
On the other hand, from the approximate equation of Schrodinger-Airy flow we have 

VxUt = -eV^Ux + aJVlux + P ( ^lu^ + -Vx{R{ux-, Jux)Jux) 

Hence, when A; > 5 we infer from (2.17) and the interpolation inequality that 

ess s\XY>t(z\Q^T]\Wt\\m{s\TN) ^ C{VL, \\uQx\\m,a,l^)- 
However, by the interpolation inequality, for some < a < 1 there holds 

\\ut{s)\\L^^c\\ut{sWm\W{s)\\'^,r 

This implies that, for some A^ > 0, there holds true 

ess SUP4gro,Tlll^tlk°° ^ -^• 
Thus we have 

s\i]i dN{u{x^t)^UQ{x)) ^ Adt, for t<T. 
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If T' > To we get the lower bound, so we may assume that T' ^ Tq. Then lettmg t — )• T' in 
the above inequahty we get MT' ^ 1. Therefore, if we set T = min{-^,To}, then the desired 
estimates hold for t € [0,T]. 

It is easy to find that the solution to (2.1) with e € (0, 1) must exists on the time interval 
[0, T]. Otherwise, we always extend the time interval of existence to cover [0, T], i.e., we always 
have Tf.'^T. Thus we complete the proof of this lemma. D 

Lemma 2.2. If {N,J,h) is a complete Kdhler manifold with uniform bounds on the curvature 
tensor and its covariant derivatives of any order {i.e., |V'i?| ^ Bi, I = 0,1,2,- ■ ■), then, for any 
integer fc ^ 3 the Cauchy problem of (1-15) with the initial value map uq G H^{S^,N) admits a 
local solution u e L°°{[0,T], H^{S^,N)), where T = r(iV, ||^io||H3)• 
Before proving Lemma 2.2, we remark that in [13], Ding and Wang have shown that the 
j^m j^Qj.j^ Qf section Vu defined in section 1.3 is equivalent to the usual Sobolev W"^~^^''^ norm 
of the map u. Precisely, we have 

Lemma 2.3. ([13]) Assume that N is a compact Riemannian manifold with or without boundary 
and m^ 1. Then there exists a constant C = C{N,m) such that for all u € C°°{S^ ,N), 

m 

11^/1111^,71-1,2 ^ Cy y II V Itll j:^m-l,2 

and 

m 

\\Vu\\^m-1.2 ^ C*/^ ||-DM||vym-l,2 • 
i=l 



Proof of Lemma 2.2. We assume that N is compact and imbed N into M". Huq : S^ ^ N 
is C°°, then from Lemma 2.1 we have that the Cauchy problem (2.1) admits a unique smooth 
solution Uf, which satisfies the estimates in Lemma 2.1. Hence by Lemma 2.1 and Lemma 2.3 
we have that for any integer p > and e € (0, 1]: 

sup \\Ue\\wV''^(N)^Cp{N,Uo), (2.18) 

te[o,T] 

where Cp{N,UQ) does not depend on e. Hence, by sending e — t- and applying the embedding 
theorem of Sobolev spaces to u, we have Us ^>- u & C^{S^ x [0, T\) for any p. It is easy to check 
that It is a solution to the Cauchy problem (2.1). 

li uq : S^ ^>- N is not C°°, but uq G W^''^{S^ ,N), we may always select a sequence of C°° 
maps from 5^ into A^, denoted by Ujo, such that 

UiQ -^ Uq in W ' , as i ^ oo. 

Thus following from Lemma 2.3 we have 

llVj^-UjollHfe-i ^ llVxtiollii-fe-i, as i ^- oo. 
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Thus there exists a unique, smooth solution Ui, defined on time interval [0,Tj], of the Cauchy 
problem (2.1) with uq replaced by UiQ. Furthermore, from the arguments in Lemma 2.1, we 
could obtain that if i is large enough, then there exists a uniform positive lower bound of Tj, 
denoted by T, such that the following holds uniformly with respect to large enough i: 

sup \\yUi{t)\\Hk-i ^ C(T, I l^ox I |i:/fc-i). 

ie[o,T] 
Hence from Lemma 2.3 we deduce 

sup ||L>iij(t)||^fc-i,2 ^ C(T, ||uox||h/'=-1'2)) (2.19) 

te[o,T] 



and by (2.1) we have 



^eL\[0,T],W''-'''\S\N)). 



By Sobolev theorem, it is easy to see that Ui G C°'^{[0,T],W^-^^'^{S^,N)). 

Interpolating the spaces L°° ( [0, T] , VF'^'^ (5^ , iV) ) and C°'^ ( [0, T] , 1^^-3-2 {S\N)) yields that 

UieC'''^{[0,T],W''-'^'\S\N)) for 7^(0,^). (2.20) 

Therefore when letting 7 small while using Rellich's theorem and the Ascoli-Arzela theorem, 
from (2.19) and (2.20) we obtain that there exists 

ueL°°{[0,T],W'''^iS\N))nC{[0,T],W''-^'\S\N)) 

such that 

Ui ^ u [weakly*] in L'^{[0,T],W''''^{S\N)), 
Ui ^ u in Ci[0,T],W''-^'^iS\N)) 

upon extracting a subsequence and re-indexing if necessary. 

It remains to verify that u is a strong solution to (2.1). We need to check that for any 
V G C°°{S^ X [0,r],R") there holds 

/ {ut,v)dxdt = a / {JuVxUx,v)dxdt 

^51 Jo Js^ 

+ /3( / / {Vlua:,v)dxdt+ - / {Ru{Ua:,JuUx)JuUx,v)dxdt 

First we always have that for each Ui 

/ {uit,v)dxdt = a / {JuyxUix,v)dxdt 

Js^ Jo Js^ 

+ /3(/ / {'^luix,v)dxdt + - / {Ru^{uix,Ju,Uix)Ju,Uix,v)dxdt 

For each y ^ N d M", let P{y) be the orthogonal projection from M" onto TyN , we have 

VxUx = P{u)Uxx, 
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V2.u, = P{u){D{P{u)u^^)) 

= P{u){P{u))^u^^ + P{u)u^^^, (2.21) 

S/luix = P{Ui){P{Ui))^Uixx + P{Ui)Uixxx- (2.22) 

Hence we have 

/ \{Ju'^xUx,v) - {Ju^VxUix,v)\dxdt 
'0 Js^ 

^ \{Ju- Jui)P{u)uxx,v)\dxdt+ / \Ju^{P{u) - P{ui))uxx,v)\dxdt 

Jo J51 Jo JS'^ 

/ \Ju^P{ui){uxx-Uixx),v)\dxdt; (2.23) 

/o isi 



and 



rT r 

\{Vlux,v) - {Vluix,v)\dxdt 
10 JS^ 

^ \{{P{u) - P{ui))uxxx,v)\dxdt+ / \{P{Ui){uxxx-Uixxx),v)\dxdt 

Jo Js'^ Jo Js^ 

I \{{P{u){P{u))x - P{Ui){P{Ui))) Uxx,v)\dxdt 

10 Js^ 

+ \{P{ui){P{ui))x{uxx-Uixx),v)\dxdt. (2.24) 

Jo Js^ 



Moreover, 

rT 



I \t^u\^xi 'Ju'^xj'Ju^xi "V) \^Ui y^ixi ^ Ui'Uix) J Ui'^ix 1 V) \ClX(lt 
'0 JS^ 

^ \Ru{Ux,JuUx)JuUx- Ru,{Uix,Ju,Uix)Ju,Uix\\v\dxdt. (2.25) 

Jo Js'^ 
Since N is compact, it is obviously that 

||i?(-)IUoo(;v) < «) and \\P{-)DiPi-))\\L^{N) < oo. 

Hence we obtain that each term on the right hand side of (2.23) — (2.25) converges zero as i goes 
to infinity. This imphes that 

rT r rT 



hm / / {JuiVxUix,v)dxdt = / / {JuVxUx,v)dxdt; 
*-^°oJo Js^ Jo Js'^ 

hm / / {V ^Uix,v)dxdt = I I {'V,j.Ux,v)dxdt; 
i-x^Jo Js^ Jo Js^ 

lim / / {Ru^{uix.,JuiUix)JuiUix,v)dxdt= / / {Ru{ux,JuUx)JuUx,v)dxdt. 
«->°oJo Js^ Jo Js^ 

On the other hand, we also have 

lim / / {uit,v)dxdt = — / / {u,vt)dxdt+ / {{u{T),v{T)) — {uo,v{0)))dxdt. 
i^°^Jo Js^ Jo Js^ Js'^ 
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Thus, from the above equahties we have 

" / / {Ju^xUx,v)dxdt -\- (3 i / / {'S7^Ux,v)dxdt + - / / {R{ux, Jux)Jux,v)dxdt 
Jo Js^ \Jo Js^ 2 Jq J si 

/ {u,vt)dxdt+ {{u{T),v{T)) - {uo,v{0)))dxdt. (2.26) 

Note that Vlu^ G ^^(5^ x [0,r],R"), thus (2.26) hnphes ut £ L'^{S^ x [0,T],M"). Therefore 
for any smooth function v we always have 

/ {ut,v)dxdt = a / {JuVxUx,v)dxdt 

Js^ Jo Js^ 

+ /3( / / {'S7lux,v)dxdt + - / {R{ux,Jux)Jux,v)dxdt 

\Jo Js^ ^ Jo Js^ 

which means that n is a strong solution of (2.1). 

It is easy to see that if N is noncompact manifold with bounded geometry and the domain is 
S^, we could find a compact subset of A'', denoted by Q, such that uo(<S'^) C C W^. Then we 
could repeat the same process as in the case N is compact (also see [?]), then we could obtain 
the same results. 

Hence we complete the proof of Lemma 2.2. Moreover, when k ^ 4, Theorem 1.1 bellow 
asserts that the solutions are unique. □ 

Now we prove Theorem 1.1 and show the uniqueness of the solutions. 

Proof of Theorem 1.1. Without loss of generality, we may assume that N is compact, since 
u{x,t) G L°°{[Q,T],H^{S'^,N)) implies that {u{x,t) : {x,t) e S^ x [0,T]} CC N. We regard 
iV as a submanifold of M". Let u, v : S^ x [0,T] ^ N C M" be two solutions of (2.1) such 
that u(x,0) = v{x,0) = no and u,v e L°°{[0,T],W''''^{S^,N)) for fc ^ 4. Let w = u - v 
and it makes sense as a ]R"-valued function. It is worthy to point out that both the curvature 
tensor R and the complex structure J here should be regarded as operators on M", such that 
R{u){ux, JuUx)JuUx — R{v){vx, JvVx)JvVx makes sense in M". 

By the discussion, in Lemma 2.3, for the solution u of (1.15), we have 

«, = aJ„P(„)«„ + P (f(„)u„, + P(„)(F(„)).«„ + ifl(„)(u., J„„J J.U, 

Hence we have 

wt = ayJuP{u)uxx- JvP{v)Vxxj 

+ 13 I P{u)Wxxx + [P{u) - P{v)]Vxxx 

+ P{u){P{u))xWxx + [P{u){P{u))x - P{v){P{v))x]Vxx 
+ -{R{u){Ux, JuUx)JuUx - R{v){Vx, JvVx)JvVx) ■ (2.27) 
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We could show that there exists a constant C which only depends on A^, ||n||j^4,2, ||f| 1^^4,2, 
a, and (3 such that 

^||U;||^1,2 ^ C(iV, I |n||iy4,2, I |u||vi/4,2,Q,/3) I I-Wl 1^1,2. (2.28) 

Then by Gronwall's inequality we could obtain that id = which yields the uniqueness of the 
solution. We omit the details about the proof of (2.28) since the process is almost the same 
with that in [38]. 

Thus it suffices to show thatV^-^u^. G C{[Q,T]]L'^{S^ ,TN)) for fc ^ 4. In the proof of 
Theorem 2.2 we have seen that the solution u € L'=°{[Q,T],H''{S^,N))r\C{[^,T],H^~^{S^ ,N)), 
thus by the discussion about (2.18), (2.19) and the equation of Schrodinger-Airy flow, we could 
easily get that 

,, II Va; ^x'|Il2 ^ O, 

which implies that 

Hence we obtain 

limsup||V^"^n^(t,x)||^2(5.i_5.^r) ^ \\^l~^Ux{Q,x)\\\2(^s\TNy 

On the other hand, u G L°°([0,r], i7'=(5\ iV)) n C{[Q,T],H^~^{S^ ,N)) implies that, with 
respect to t, V^^'Uxit^x) is weakly continuous in L'^{S^,TN), we have 

||V^~^u^(0,x)|||2(5i^TJV) ^ liminf |lVj:~^u^(t,x)|||2(5.i^^^). 



Thus, 

lim||V^^n,(t,x)||i2 = ||V^V(0,x)||i2, 

which implies that Vx^Ux{t,x) is continuous in L'^{S^,TN) at t = 0. Now by the uniqueness 
of ^(t,^), we get that Vx~^Uxit,x) is continuous at each t € [0,r], i.e. u € C{[0,T],H''{S'^,N)) 
for all k ^ 4. However, if /c ^ 3, we could not get the continuity of ||ti||//fc about t on [0,T] 
without the uniqueness of u. Thus we complete the proof of Theorem 1.1. □ 

Proof of Theorem 1.2. To show the existence of the Cauchy problem (1.15) with an initial 
map uq € H^{S^ ,N), we need to consider the following Cauchy problems: 

ut = aJVxUx + 13 i Vlux + -R{ux, JuUx)JuUx ) , X € S'^; 

V ^ / (2.29) 

u{x,0) = Uq{x). 

Here Ug € C°°{S^,N) and ||tto~^o||_H'4 -^ 0. By Lemma 3.1 we know that for each i and any k > 
5, (2.29) admits a local solution M* E L°°([0,i;"^^^), /7'=(S\iV)), where I^"^^^ = 7;™^^(S\ ||ui,||^5) 
is the maximal existence interval of w* . 
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As A^ is not compact we let Qi = {p £ N : dist]\f{p,UQ{S^)) < 1}, which is an open subset of 
A^ with compact closure Oj. Denote 

noo = {p£N ■.d[stN{p,uo{S^)) <!} and Qq = {p e N : distN{p,^oo) < '^}- 

Since ||uo — ttoll/f^ — > 0, then ilj CC rio as i is large enough. Let 

Tl = sup{t>0:u\S^,t) cQi}. 

By the same argument as in Lemma 3.1 we can show that there holds true for all t € [0, Tj] 

, 4 

If we let /*(t) = 1 1^^ 1 1^2 + 1, then we have 

^<C(Oo)(/r, r(0) = |K,|p + L 
It follows from the above differential inequality that there holds true 

as 

t < 



Then, there exists constants 

C7^ = 4^/(0) > 
and C\_2 = Cfc_2(||ito^. Ilz/fc) > such that 

IK||h2^c^, te[o,min(ro\i;0]. 

and for k>2> 

\\<\\m^Ci_2, te[0,min(^o^7;')]• 
Since ||uq — Uo||/f4 — ?> 0, when i is large enough we have 

where 5q is a small positive number. It is easy to see that, as i is large enough, 

C^<Co(||no,.||^2) + (^o and C\ < Ci{\\uq^\\h-^) + 5^. (2.30) 
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In fact, we always have T^^^ > niin(To,T/) when i is large enough. Otherwise, by Lemma 
3.1 we can find a time-local solution ui of (1.15) and ui satisfies the initial value condition 

u,{x,Tr''-e) = u{x,Tr''-e), 

where < e < T"^^^ is a small number. Then by the local existence theorem, ui exists on 
the time interval (T^^^ — e, T™^^ — e + r]) for some constant r] > 0. The uniform bounds on 
||ua;||i/2 and ||V™Mx||l2 (for all m > 2) implies that rj is independent of e. Thus, by choosing e 
sufficiently small, we have 

By the uniqueness result, we have that ui{x,t) = u{x,t) for all t € [T^^^ — t^T?). Thus we 
get a solution of the Cauchy problem (1.15) on the time interval [0, Tg), which contradicts the 
maximality of Tf^^^. 

Now we need to show that T[ have a uniform lower bound as i is large enough. For each 
large enough i, if T/ ^ Tq we obtain the lower bound. Otherwise, by the same argument as in 
Lemma 3.1 we have 



T' > — 



where 



Mi = sup \\uI\\l°°^C sup ll'Uill^i sup llujllj^a" = Afj. 

[0,mm{To,T/)] [0,min{To,T/)] [0,min{To,T/)] 

It should be pointed out that to derive the estimates L°° estimates on ||uj(s)||^2 and ||nj(s)||j|^i 
we need only to have u* G L°°{[0, min(ro, Tl)],H'^{S^,N)), since the equation of KdV flow is a 
third-order dispersive equation. It is not difficult to see from (2.30) that there exists a positive 
constant M{0,q, \\uqx\\h^) such that, as i is large enough, 

since ||uq — ■uoll//'* — ^ 0. 

Let T* = min(ro,j^). As i is large enough, we always have u' G L°°{[0,T*],H'^{S'^,N)). 
By letting i — > oo and taking the same arguments as in Theorem 1.1, we know there exists 
ueL°°{[0,T*],H^{S\N)) such that 



u —^ u 



[weakly*] in L'^{[0,T*],H\S\N)) 



and fi is a local solution to (2.1). Theorem 1.1 tells us that the local solution is unique and the 
local solution is continuous with respect to t, i.e., u G C([0, T*], 77^(5"^, A^)). Thus, we complete 
the proof of the theorem. □ 

3 Conservation Laws 

In this section we show the conservation laws Ei{u), E2{u), E3(u) and the semi-conservation 
law E4^(u) introduced in the first section with some special assumptions about N. These will 
help us to obtain the global existence of the KdV geometric fiow in the next section. 
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First, we recall that a complex manifold A^ of real dimension 2n and integrable complex 
structure J is said to be Kahler if it possesses a Riemannian metric h for which J is an isometry, 
as well as a symplectic form u satisfying the compatibility condition oj{X, Y) = g{JX, Y) for 
all tangent vector fields X, Y £ T{TN) which denotes the space of smooth sections on TN. 

Now we derive some conservation laws of the new geometric flow (1-15) on a locally Hermitian 
symmetric space. The computational process about the KdV part is the same with that in [38] 
thus we omit many details and use the results in [38] directly. 

Lemma 3.1. Assume N is a locally Hermitian sym,m,etric space. If u : S^ x (0,r) -^ N is a 
sm,ooth solution of the Cauchy problem of the Hirota geometric flow (1.15), then 

— ' \ux\ dx = 0, 



dt 2dt 
in other words, Ei{u) = Ei{uo) for all t € (0, T). 

Proof. With the assumption of A^, we have V-R = 0. Similar with the computation before, 
we get 

dE, 1 d 



,— = --- / \Ux\ dx = — {\/xUx,ut)dx 

= -a I {VxUx,J'^xUx)dx- fi { {VxUx,S/lux)dx + - {VxUx,R{ux, Jux)Jux)dx 

'(3.1) 

Obviously, by the antisymmetry of J, the first part on the right of (3.1) vanishes. The 
second part vanishes too, since in [38] we have proved that Ei is preserved by KdV geometric 
flow with the same assumptions. Precisely, we have 

= 2 ^ xii"^ xUx,y xUx))dx + - / Vx{{Ux,R{Ux,JUx)JUx))dx 

/5 f 

~ Z {Ux,{V xR){Ux, Jux)Jux)dx 
= 0. 

The last equality holds since V^-R = 0. Hence we have 

dEi 
dt 
This completes the proof. □ 

Lemma 3.2. Assume N is a is a locally Hermitian sym,metric space. If u : S^ x (0, T) ^ N 
is a smooth solution of the Cauchy problem of the geometric Schrodinger-Airy flow (1.15), the 
pseudo-helicity of u 

E,iu)^j\VxUx,Jux)dx 
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is preserved too, i.e. 

dE2 

dt 
Proof. Differentiating E2 witli respect to t, we liave 

dE2 
dt ~ 



2 / (ui, JVlux)dx - / (ui, R{ux, Jux)ux)dx. 



Substituting (1.15) yields, 

dE2 
dt ~ 



2 / {JVxUx,JVlux)dx - / {JVxUx, R{Ux, JUa:)Ux)da 

+ /3 ( / {R{ux, Jux)Jux, JVlux)dx - / {Vlux, R{Ux, JUx)Ux)d2 

- - {R{Ux,JUx)JUx,R{Ux,JUx)Ux)dx 



We have known that KdV flow on any Kahler manifold preserves E2 (see [38]). Thus, if A^ 
is a locally Hermitian symmetric space, the same computation yields 



dE2 

dt 



-- " ( 2 / {JVxUx, JVlux)dx - / {JVxUx, R{Ux, Jux)ux)dx 

= -aj\VxUxMu..Jux)Jux)dx 
= -— / Vx{{Ux, R{Ux, Jux)Jux))dx = 0. 
This completes the proof. □ 

Now we prove the third conservation law E^ with some special conditions about N. 
To begin with, we compute -^ as before where 

Esiu) = / \VxUx\'^dx - - {Ux,R{Ux,JUx)JUx)dx. 
For the first term of E^, we have 

-7: / \VxUx\'^dx = 2 / {Vlux,ut)dx + 2 / {ut,R{VxUx,Ux)ux)dx. 
Substituting ut we get 

/ \VxUx\'^dx = a ( 2 / {"^lux, JVxUx)dx + 2 {JVxUx, R{VxUx,Ux)ux)dx j 
+ /3 f 2 / {Vlux, Vlux)dx + 2 {Vlux, R{VxUx, Ux)ux)dx 



d_ 
di 
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+ {Vlux,R{Ux,JUa:)JUx)dx 

^jWy..u,,u,)n,)Mu,.Jn,)Ju.)i.:). (3.2) 

For the a-part of (3.2), using integration by parts and the property of J yields 

= -a ( 2 / {Vlux, JVlux)dx + 2 {S/^Ux, R{\/xUx,Ux)Jux)dx 

= -2a j (SJxUx,R{yxUx,Ux)Jux)dx. 

For the /3-part of (3.2), we proceed as that in ([38]). Then we obtain that 
d 



-^ / WxUx?dx 



-2a / {VxUx,R{'^xUx,Ux)Jux)dx 

+ l,MV.u,.u,)u,).R(u.,Ju,)Ju,)4r). 



(3.3) 



Now we turn to the second term of E3. Differentiating it with respect to t and using the 
symmetry of R yields 

- -t-j: / {ux, R{ux, Jux)Jux)dx = - {VxUt, R{ux, Jux)Jux)dx 
= -a {JVlux-,R{ux,Jux)Jux)dx 

- p [JiVin,, R(n,. Ju.)Ju,)i. + \ J\vAR(u.,Ju,)Ju,).R(u., JuJ J„.)dx) 

= -a j {Vlux,R{ux,Jux)ux)dx - j3 {'S7lux,R{ux, Jux)Jux)dx 

= 2aliVxUx, RiVxUx,Ux)Jux)dx - Zpj\VxUx, R{VxUx, Jux)JVxUx)dx. (3.4) 

Combining (3.3) and (3.4) we get that 
dE^ 



dt 



-t; ( / \S/xUx?'dx-- {ux,R{ux,Jux)Jux)dx\ 

/3 {R{\/xUx,Ux)ux, R{ux, Jux)Jux)dx. (3.5) 



Lemma 3.3. Let N is a locally Hermitian symmetric space. Then, for a smooth solution 
u : S^ X {0,T) ^ N to Hirota geometric flow (1-15) on N, we have 

j3 / {R(yxUx,Ux)Ux, R{Ux, Jux)Jux)dx. 



dt 
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Thus we obtain that E2,{u) would be conserved under some additional conditions about N . 
More precisely, the following lemma helps us get the conservation law. 

Lemma 3.4. ([38]) Assume {N, J, h) is one of the following three kinds of manifolds: Kdhler 
manifolds with constant holomorphic sectional curvature K, complex Grassmannians Gp^q{C) 
and a complex hyperbolic Grassmannians Dm^i{C). Then there always holds true 

{R{Y, X)X, R{X, JX)JX) = 0, 

for any tangent vector fields X and Y on N. 

Corollary 3.5. If N = Mi x M2 x • • • x M„ is a product manifold where {Mi, /i*) (i = 1,2,- ■ ■ ,n) 
is a locally Hermitian symmetric space satisfying h'^{R'^{Y,X)X,R'^{X,JX)JX) = where i?* 
is the Riemann curvature on Mi, then for a smooth solution u : S^ x {0,T) ^ N to Hirota 
geometric flow (1-15) on N , Es{u) is preserved, i.e., 



dE3 d 



~f:\l \^xUxf'dx - 7 / {ur,,R{ux,Jux)Juj:)dxj = 0. 



dt 
The proof is easy and standard. We omit the detail. 

Next we prove the semi-conservation law about E4, where 

E4{u) = 2 \Vluxfdx-3 {VxUx,R{VxUx,Ux)ux)dx 

- 5 / {VxUx, RiVxUx, Jux)Jux)dx. 

Lemma 3.6. With the same assumptions as in Lemma 3.1, we have 

where C is a constant depends on N, Ei{uo) and W^xUxWi^. 
Proof. For simplicity, we still denote 

E^iu) ^ AiFi + A2F2 + A3F3, 
as before, where Ai = 2, A2 = —3, A3 = —5, 

Fi^ f \Vlux\^dx, 



and 



F2^j{VxUxMVxUx,Ux)Ux)dx, 
F3^JiVxUx,RiVxUx,JUx)JUx)dx 



respectively. 
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We first consider Fi. Differentiating it witfi respect to t, we fiave 



dFi d 



dt dt 



-— / IV^Url dx 



2„. |2, 



x"'x\ 



= -2 / {ut, Vlux)dx -2 {ut, Riylua:, Ux)Ux)dx 

+ 2 / {ut, R{V'lux,VxUx)ux)dx. (3.6) 

After substituting (1.15) into above, we get two parts in tfie equality, i.e. the Schrodinger 
part and the KdV part. Here we mainly deal with the first part. For the KdV part, we use the 
results in [38]. Then we have 

dFi d /■ 2.. ,2, 



-^ = - I \yiux\^dx = alu + /3/i2, (3.7) 



where 



111 = -2 / {JVxUx, Vlux)dx - 2 / {JVncU^:, R{Vlux, Ux)unc)dx 
+ 2Ji^JV.u.,Riylux,VxUx)u.)dx; 
and I\2 is the KdV part: 

hi = 15 / (V^Mj;, R{Vlux, Jux)JS/xUx)dx + 9 / {Vlux,RiVlux, VxUx)ux)dx 
+ 2liRiux,Jux)Jux,RiVlux,VxUx)ux)dx 

+ 2J\RiyxUx,JUx)JUx,Riylux,Ux)Ux)dx 
+ / {R{Ux, JUx)JUx, R{Vlux,Ux)VxUx)dx 

+ {R{ux,Jux)JVxUx,R{Vlux,Ux)ux)dx. (3.8) 

Obviously, the first term of In vanishes since 

f{JVxUx,Vlux)dx = f {JVlux,Vlux)dx = 0. 



For the second term of Ii i , we have 



- 2 / {JVxUx, R{Vlux,Ux)ux)dx = 2 (V^u^,, R{VxUx, Jux)ux)dx 

-2 {'S7lux,R(ylux,JUx)Ux)dx -2 j {Vlux,R{V xUx.,JVxUx)Ux)dx 

-2/{Vj..,fl(V...„7„.)V.„J<ix. 
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For the third term of In, it is easy to check that 



Hence 



111 = -2 / (V^n^, R{Vlun,, Jux)ux)dx - 2 / (V^n^, R{Vr,u^, JVxUx)ux)dx 

- 4 / {Vlu^, Riy^Ux, Jux)VxUx)dx. (3.9) 

Next we compute -^. Prom [38] we have 

—7^ = -Jl I {^xUx,RC^xUx,Ux)Ux)dx 

= 2 / {ut, R{\/lux,Ux)ux)dx - 2 / {ut, R{Vlux, VxUx)ux)dx 

+ 10 /(n„ Riylux,Ux)VxUx)dx + 2 /(.„ i?(i?(V..., ..)n., n.)n.)dx. 
Thus, substituting (1.15) yields 

— ^ = -71 I {^xUx, R{VxUx, Ux)Ux)dx = ahl + ;5/22, (3.10) 



where 



h. = 2 j\jVxUxMVlux,Ux)Ux)dx-2 j\jVxUxMVlux,VxUx)Ux)dx 
+ 10 I iJVxUx,RiVlux,Ux)VxUx)dx 
+ 2J\jVxUx,R{R{VxUx,Ux)Ux,Ux)Ux)dx- 

and I22 is the KdV part 

h2 = 6 {Vlux,R{Vlux,Ux)VxUx)dx 

-2J\Riux,Jux)Jux,Riylux,VxUx)ux)dx 

+ AJ\Riux,Jux)Jux,R(ylux,Ux)VxUx)dx 

- / {R{Ux, JUx)JVxUx, R{'^lux,Ux)ux)dx 

-2 {R{\/xUx, Jux)Jux, Riylux, Ux)Ux)dx 

+ 2/(ii(V.u.,„J..,ii(Vj„.,„J„.>dx 

+ ji.R(u„Ju,)Ju„R(R(V,u„u,)u„u,)uM^:. (3.11) 
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For the first term of I21, integrating by parts yields 

2 / {JVxUx,RC^lux,Ux)Ux)dx = -2 / {Vlux, R{\/ xUx, Jux)ua;)dx 
= 2 / {Vlux,R{'^lux, JUx)Ux)dx + 2 {Vlux, R{\/xUx, JVxUx)Ux)dx 

+ 2liVlu.,RiV.u.,Ju.)V.n.)dx. 



Moreover, 



10/(JV.n.,i?(VK,..)V.n.).x = -lo/(Vl..,i?(V..., JV.n.)..)dx. 



Hence we liave 



/21 = 2 / {Vlux, -R(V^n^, Jun,)ux)dx - 8 / (V^u^c, R{VxUx, JVxUx)ux)dx 
+ ^jiVlu.,Riy.u..Jux)VxUx)dx 
-2liVxnx,RiRiVxUx,u.)u.,n.)Ju.)dx. (3.12) 

Similarly, we deduce: 

dFs d f 

— = — I {VxUx,R{VxUx,Jux)Jux)dx 

= 2 / {ut, R{Vlux, Jux)Jux)dx + 6 / {ut, RiVlu^, JVxUx)Jux)dx 

+ 2J\u,,Riylux,Jux)JVxUx)dx + 2J\u,MVxUx,JVxUx)JVxUx)dx 

+ 2l{u„R{RiVxUx,Jnx)Jux,Ux)ux)dx 
= ahi + Ph2. (3.13) 

Here 1^2 is the KdV part: 

h2 = Q {Vlux,RiVlux,JVxUx)Jux)dx 

- j\Riux,Jux)JVxUx,RiVWJux)Jux)dx 
-2 {R{VxUx, Jux)Jux, R(ylux, Jux)Jux)dx 
+ 2 {R{ux, Jux)Jux, R(ylux, JVxUx)JUx)dx 

+ j\RiUx,JUx)JUx,RiyxUx,JVxUx)JVxUx)dx 

+ 2 {R{\/xUx, Jux)Jux, R{Vlux,Ux)ux)dx 
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-f JiRiu., Ju.)Ju., R{RiV.u., Ju.)Ju., u.)u.)d.. (3.14) 

I31 is the Schrodinger part: 

-^31 = 2 / {JVxUx,R{Vlux, JUx)JUx)dx + 6 / {JVxUx, R{Vlux, JVxUx)JUx)dx 
+ 2liJVxUx,R{RiVxUx,JUx)JUx,Ux)ux)d.. 

Note that the first term of /31 : 

2 / {JVxUx, R{Vlux, Jux)Jux)dx = 2 {Vlux,R{VxUx,Ux)Jux)dx 
= -2 {Vlux, R{Vlux, Ux)Jux)dx -2 {W^Ux, R{VxUx, Ux)JVxUx)dx. 
For the second term of /31 we have: 

6 / {JVxUx,Riy'iux.,JVxUx)JUx)dx = 6 (yl.XUx.,R{VxUx,Ux)JVxUx)dx. 

Hence we obtain 

I31 = -2 / {Vlux,R{Vlux,Ux)Jux)dx + 4 / {Vlux,R{VxUx,Ux)JVxUx)dx 

-2/(V.„.,fi(i;(V.„.,J..),7„.,„.)J„.)dx. (3.15) 

In view of (3.7) — (3.15) we have 

i=l i=l j=l 

= 3{3Ai + 2A2)I3 [{Vlux, R{Vlux, Ux)VxUx)dx 

+ 3(5Ai + 2yl3)/3 {Vlux, R{Vlux, Jux)JVxUx)dx 

+ 2(^1 - A2 + ^3)/3 / {R{VxUx, Jux)Jux-, R(ylux,Ux)ux)dx 

- 2{Ai -A2 + A3)a / {Vlux,R{Vlux, Jux)ux)dx 

- 2{Ai + 4^2 + Az)a I {Vlux,R{VxUx, JVxUx)ux)dx 
-A[M-A2)ajiylux,R{VxUx,Jux)VxUx)dx 

-2A2aj\VxUx,R{R{VxUx,Ux)Ux,Ux)JUx)dx 

-2A,ajiVxUxMRiyxUx,Jux)Jux,Ux)Jux)dx 



30 



+ 2{Ai - ^2)/3 / {R{Ua:, JUx)JUx, R{Vlux, VxUx)Ux)dx 

+ {Ai + 4^2)/? / {R{ux,Jux)Jux,R{y1ux,Ux)VxUx)dx 
+ {Ai - A2)I3 / {R{ux, Jux)JVxUx, R(ylux,Ux)ux)dx 

+ 2A2/3 / {R{VxUx,Ux)Ux,R{Vlux,Ux)Ux)dx 

+ A2P j\RiUx,JUx)JUxMR{^xUx,Ux)Ux,Ux)Ux)dx 

-A,pjiRiux,Jux)JVxUx,Riylux,Jux)Jux)dx 
- 2Mfi jiRiVxUx, Jux)Jux,R{Vlux, Jux)Jux)dx 
+ 2^3/3 / {R{ux, Jux)Jux, R{Vlux, JVxUx)Jux)dx 

+ A,^liRiUx,JUx)JUx,Ri^xUx,JVxUx)JVxUx)dx 

+ A,p j\Riux,Jux)JuxMR(yxUx,Jux)Jux,Ux)ux)dx. (3.16) 

Since Ai = 2, A2 = —3 and A3 = —5, the first four terms with higher order derivatives 
vanish. Let's denote the remaining terms of (3.16) by G. It is easy to see that 

+ C{N)\p\ / {\Vlux\\VxUx\\Ux\'^ + \VxUxf\Uxf + \VxUx\\Ux\'^)dx 

^ C{N,a,P) i\\ux\\L°°{ \Vlux\'^dx)2{ \VxUxfdx)2 + \\ux\\ioo\\VxUx\\l2 
+ \\ux\\i^{ \Vlux\^dx)^{l \VxUx\'^dx)^ 

+ \\Ux\\\oc / \yxUxf'dx+\\Ux\fLao{j \\/xUx\'^dx)2{ \Ux\'^dx)^j. 

By the interpolation inequality for sections on vector bundles (see [13] for details): 



1 



1 



we have 



||Ma;||L«> ^ C{N){\\VxUx\\l2 + \\Ux\\i2)'^\\Ux\\l2 

^ C{N,\\VxUx\\L2,Ei{uo)); 

IVxUxWl^ < C{N){\\Vlux\\l2 + \\VxUx\\l2)-^\\VxUx\\l2 

^ CiN,\\VxUx\\L2){l + \\Vlux\\l2); 

\'^xUx\\l4 ^ C{N){\\Vlux\\l2 + \\VxUx\\l2)'^\\VxUx\\l2, 



\G\ ^ C{l + \\Vlux\\l2), 
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^ C(l+ I \Vlu^\^dx) 



which imphes 

dEi 
"df 

^ 0(1 + Ei). 

where C = C{N, \\V xUxWl^ , Ei{uo) , a, 13) only depends on A^, a, /3, Ei{uo) and ||Va;t(2;||/,2. This 
completes the proof. □ 

4 Global existence 

In this section we will prove Theorem 1.3. Since uq G H'^{S^, N), we can always choose a 
sequence of smooth maps uoi G C^{S^, N) such that, as i — )• oo, 

ll'^oi -""oIliT* -^ 0. 

From the previous arguments in Theorem 1.3, we know that the Cauchy problem (1.15) with 
the initial map uoj admits a unique smooth local solution n* such that 

u'eC{[0,TiN,\\uoi\\m)],H''iS\N))) 

for any /c ^ 4. Obviously, we can see easily that T{N, \\uQi\\jj4) have a uniform lower bound. 
Hence, letting i ^- cxd, we obtain the local solution to the Cauchy problem of the Schrodinger- 
Airy flow with the initial map uq € H'^{S^,N). So, to prove Theorem 1.3, we only need to 
consider the case uq is a smooth map from S^ into N. 

Let u be the local smooth solution of (1.15) which exists on the maximal time interval [0, T). 
We only need to consider the case where T < oo. 

From Lemma 3.1, we know that the energy is preserved by the solution n, i.e. 

Ei{u{t)) = Ei{uo), for any t G [0,r). 

Moreover, by the assumptions on N given in the theorem and Corollary 3.5 we know that E^ is 
preserved, that is 

Esiu) = / \VxUx\'^dx - - {ux,R{ux-,Jux)Jux)dx 

is a constant £^3(1*0). Thus we have 

llVajliajllIz = E3{uo) + - {Ux,R{Ux,JUx)JUx)dx 

^ E3{uo) + C{N) f\ux\Ux 

^ C{N,Ei{uo),Es{uo)), (4.1) 

where we used the interpolation inequality 

Il^*x|li4 ^ (l|Vx'Ux|li2 + ||Ux|li2)2||lix|li2 
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Thus from Lemma 3.6, we have that 

^CiN,E^{uo),Es{uo)){l + Ei). 



dEi 



dt 
By Gronwall inequahty, we get that E4{u{t)) is uniformly bounded on [0,T). Hence, we obtain 

2||V^.M:c||^2 = E4{u) + 3 {V:^Ux,R{S/xUx,Ux)Ux)dx 

+ 5l{V.u.,RiV.u.,Ju.)Ju.)d. 
^ C{N,E4{uo)) + C{N)\\u,\\l^\\V,u,\\l2. (4.2) 

In view of (3.17), (4.1) and the boundedness of E4, we see that ||V^U2:||^2 is uniformly 
bounded on [0, T). Hence we have 

sup IKxIba ^ C(iV, £'i(no),£'3('Uo),-E'4(no)). 
te[o,r) 

It follows from the proof of Theorem 2.2 that for m> 2 

sup ||V^'u^||i2 ^ C(iV,£;i(uo),||V^nox||L2, ||V^uox||l2,--- , HV^-uoxllLa)- 

tG[0,T) 

Thus, if T is finite, we can find a time-local solution ui of (1-15) and ui satisfies the initial 
value condition 

ui{x, T — e) = u{x, T — e), 

where < e < T is a small number. Then by the local existence theorem, ui exists on the 
time interval (T — e,T — e + r]) for some constant r] > 0. The uniform bounds on ||u2:||//2 and 
||V™tia;||i2 (for all m > 2) implies that rj is independent of e. Thus, by choosing e sufficiently 
small, we have 

Ti = T - e + r/ > T. 

By the uniqueness result, we have that ui{x,t) = u{x,t) for all t € [T — e,Ti). Thus we get a 
solution of the Cauchy problem (1.15) on the time interval [0,Ti), which contradicts the maxi- 
mality of T. □ 
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